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Abstract 

Unlike an earlier theory, by avoiding both the electromagnetic gauge field shift 



> 

m 
o 

\& • and the assumption of the zero average of electromagnetic field fluctuation 

o 

On 



the fermion Chern-Simons gauge theory is reformulated to obtain mean field 



solutions and a self-consistent expression of the electromagnetic polarization 

a 

i . tensor in terms of the composite fermion picture for the systems of fractional 

quantum Hall effect. Thus the newly derived electromagnetic polarization 



tensor is shown to depend on the residual (effective) magnetic field 'seen' by 



^ . composite fermions rather than the statistical field, which differs from the ear- 

s'-! | 

lier theory. The present theory reproduces the Hall conductance of fractional 
quantum Hall effect. The self-consistent picture of the composite fermion is 
maintained in all of our derivations: both the mean field solutions and the 
electromagnetic polarization tensor are described by the residual magnetic 
field seen by the composite fermions. 

PACS numbers: 73.40.Hm, 71.27.+a, 11.15 -q 
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I. INTRODUCTION 



Recently the fermion Chern-Simons theory has been of great interest to study the systems 
of fractional quantum Hall effect (FQHE). Based on the composite fermion theory initiated 
by Jain,§ the fermion Chern-Simons theory of the FQHE system is advanced by Lopez and 
Fradkinii and Halperin and coworkers. S JaiJ proposed the transformation of interacting 
2-D electrons under an external magnetic field to composite fermions. To be more specific, 
he interpreted the Laughlin ground stateH as a state in which the interacting electrons bind 
flux quanta to screen out part of the external magnetic field by fastening each electron with 
an even number of flux quanta and these composite fermions exactly fill an integer number 
of Landau levels. 

Lopez and FradkiniH proposed the fermion Chern-Simons theory of the FQHE by al- 
lowing fermions coupled to the statistical gauge field to form the composite fermions; the 
partition function is given by 

Z{A) = J V^VipVa^exp^S), (1.1) 

where the action S is explicitly, 

S = Jd 3 z jv>* - e(A - oq) + 

+ |e^a M ^a p } - i J d 3 z J d 3 z' (|^)| 2 - p) V(z - z' 



^(*) -^|[V + *e(A-a)]^)| 2 + (1.2) 
2m 



>')| 2 -P 



Here if)(z) is a second quantized Fermi field and p, the chemical potential. A and a are the 
electromagnetic vector potential and the statistical gauge potential respectively. V is the 
pair interaction and p, the average electron density. The resulting Chern-Simons 'Maxwell' 
equation of the p — component is 

e l ^diaj{x) = —p(x) = b. (1.3) 
a 

Here b is the statistical 'magnetic' field and p(x), the electron density, a is the Chern-Simons 
(statistical) coupling constant given by a = ^ or a = ^ for Ti = e = c = 1 with the 



choice of an even number n of the statistical flux quanta 0o- The action above involves the 
dynamics of a system of spinless interacting fermions coupled to both the electromagnetic 
and statistical (Chern-Simons) gauge fields. 

In the present study we evaluate the effective action and present a generalized theory of 
electromagnetic response functions by avoiding the gauge shifts and the assumption of the 
zero average of external electromagnetic fluctuation, unlike the original theory of Lopez and 
Fradkin.il! Both the mean field solutions and the electromagnetic polarization function are 
described by the residual (effective) magnetic field 'felt' by the composite fermions. 

II. MEAN FIELD SOLUTIONS AND ELECTROMAGNETIC RESPONSE 

FUNCTIONS 

In the fermion Chern-Simons theory, the statistical gauge field does not completely screen 
out the electromagnetic gauge field. Thus there exists an residual (effective) gauge field, that 
is, the unscreened portion of the electromagnetic gauge field, A„, 



In the approach of Lopez and Fradkin,H'Q a small fluctuating electromagnetic field is intro- 
duced into the Chern-Simons term by allowing gauge field shifts. They also assumed the 
vanishing average of the external electromagnetic fluctuation for the evaluation of various 
mean field solutions. In the following we avoid such gauge field shifts and the assumption 
of the vanishing average of the external electromagnetic fluctuation. 

The Hubbard- Stratonovich transformation of the quartic fermion field term in ( |1 . 1| ) and 
the integration over the fermi fields yields the effective action,!H 




(2.1) 



The effective (residual) magnetic field is then 



Vxl ( 



(2.2) 




(2.3) 
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where 



S[X] 



d 3 z\(z)p + - / d 3 z I d z z'X(z)V-\z - z')X(z'). 



(2.4) 



In order to obtain the classical configurations a^{z) = (a M (z)) and X(z) = (X(z)), we 
introduce the semiclassical (saddle point) approximation by requiring that S e s be stationary 
under small fluctuations; 



Sa^z) 



and 



5S, 



off 



a, A 



8X(z) 



0. 



a. A 



By introducing a„ = A„ — A c ^ into the Chern-Simons term of 



(2.5) 



the equations of motion 



from the variation of S e ff with respect to a^(z) and X(z) in ( |2.5|) are obtained as 

- ^-e^{(d v A p {z)) - (d v Af{z))} = 0, 
ri(p 

and 



(2.6) 



(j )-p + j d 3 z'V-\z-z')(\(z')) = 0. (2.7) 

Here it is of note that the above equation of motion ( |2.6|) differs from that of Lopez and 
Fradkin;! the first term in their equation (3.10) in Ref. 2 is given by the difference between 
the statistical field strength tensor T 1 *" and the electromagnetic field strength tensor F^ u . 
The condition for the uniform liquid state is obtained from ( | . 7| ) , 



0o> = P, 



(2.8) 



for (X(z)) = 0. From ( [2.1| ) and Q2.2|), the Chern-Simons (statistical) magnetic field is given 
by 



b = V x a = B - B 



off 



(2.9) 



Using ( |2.8| ) and fl2.9p for ( |2.6| ) and setting [l = 0, we find the uniform average statistical 
magnetic field, 



(b) = 7100/0- 
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(2.10) 



From (|2.9 ) and (|2.10 ) the effective (remaining) external magnetic field is then 

B cS = B — (b) = B — n<j) p. (2.11) 

In coincidence with the Jain's composite fermion picture, each electron is now assumed to 
be dressed by an even number of statistical (Chern-Simons) flux quanta, n = 2m with m, 
an integer. The number of effective (residual) flux quanta, iV? is then from ( |2.11|) above, 



Nf = N (f> -2mN e . (2.12) 
Here is the total number of applied (external) flux quanta and N e , the total number of 



electrons. From the filling fraction defined by v = N e /N<p and the relation ( |2.12| ), we readily 
obtain the fractional filling factor, 

v = ^ (2.13) 

2mp + 1 

with p = and the effective Landau gap, 

<t> 

= S^TT < 2 ' 14 > 

As shown above, we were able to avoid the gauge field shifts and the assumption of the 
vanishing average of fluctuating electromagnetic field in order to reproduce various mean 
field solutions: the uniform liquid state, the fractional filling fraction, and the effective 
Landau gap. 

In order to obtain the linear response functions, we now consider the Gaussian fluctua- 
tions around the uniform classical values; 5A e ^(z) and 5\(x) are taken to be small fluctua- 
tions around the mean (classical) values of the effective (residual) field ^4 and the collective 
mode A, that is, A e ^ — > (A ^) + SA e ^ and A — > (A) + SX. In this spirit of the linear response 
theory the effective action to quadratic order is written, 



= ly d 3 xd 3 y5Af(x)U, u (x,y)5Af(y) + 



cs 



A, - Af - 5^ Q 8X 



1 ' (FzcPz'SX^V^iz- z')5X(z'), (2.15) 
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after the shift of the scalar bose field is made. The above expression is different from that of 
Lopez and Fradkinlli in that is the polarization tensor associated with the residual gauge 
field, but not with the statistical gauge field. The effective action involving the quadratic 
term above is then equivalent to the one-loop bubble contributions associated with the 
effective field Af. 

The expansion of the Chern-Simons term around (A) = yields 

S CS [A, - Af - 5, 6X] = S CS [A, - Af] + 

~ J d 3 z5X(z) (B(z) - B cS (z)) + (h.o.) (2.16) 
= S CS [A, - Af] - || d 3 z5X(z)b(z) + (h.o.). 



A scalar (collective) bose field term is, from ( [2.15 ) and ( 2 . 1 6| j 



S®[8\] = £ / d 3 z5X(z)b(z) + I I d 3 zd 3 z'5X(z)V- 1 (z - z')5X(z'). (2.17) 



2 J ww 2 



After the Gaussian integration over the collective bose field A, the effective action (|2.15|) 
becomes 

<Sg } = l -J d 3 xd 3 y5Af(x)U flu (x,y)5Af(y) + 

+S SC [A,-Af}+ (2.18) 

-y J d 3 Z J d 3 z'b(z)V(z- Z ')b(z'). 

The polarization tensor in (ETTBT) can be expressed in the low energy limit in terms of 



three gauge invariant tensors E^ S ,B^ S and Chern-Simons terms which are associated with 
the effective gauge field A cS , not with the statistical gauge field. Thus the coefficients of 
these tensors are namely the dielectric constant e°, diamagnetic susceptibility x°, and Hall 
conductance a® y in association with the response of the system of the composite fermions 
to the weak perturbation of the residual field, SAf. 

In order to integrate out the statistical gauge field, we rewrite ( |2.18| ), 



Sis = o / d 3 xd 3 y8(A tl (x) - a fl (x))Il IIU (x,y)5(A l/ (y) - a v {y)) + 



+ScsM + ^(<9X) 2 + (2.19) 



a: 2 



y / d 3 z I d 3 z'b(z)V(z- z')b(z'), 

where we introduced a gauge fixing term, ^ (<9 M a M ) 2 in order to avoid singularity in the 
inverse matrix of the quadratic term in a M in momentum space. 

We obtain from (|2.19f) the following matrix for the quadratic term in a M in momentum 
space representation 



M 



q 2 n + i |- wgin + ig 2 (IIi +a) - ^f- uq 2 Ilo - iqi(U.i + a) 



w ? in -i? 2 (n + a)-^ w 2n + qi(n 2 -a 2 V) + ^ _ gig2 (n 2 -a 2 V)-^(ni+a) + 219i 

w? 2 n +i?i(ni + a)-^ - g ig2(n2-Q 2 v) + iw(ni + Q) + 2m li) 2 IIo + 9 2 (n2 _ Q ,2 y) + ^ 
The determinant of the matrix above is then 



(2.20) 



det M=^p)(cu 2 + q 2 ) 2 , (2.21) 

where 

d(u, q ) = n 2 ^ 2 - (n! + a) 2 + n (n 2 - aV( q 2 )) q 2 (2.22) 

with IT; = Ui(u, q) with I = 0, 1, 2. 

The Gaussian integral can now be performed by taking the inverse of the above 3x3 
matrix M. After the Gaussian integration over the statistical gauge field, the effective action 
for the electromagnetic fluctuation is 

<Seff M = \jd 3 xj d 3 y5A fl (x)K^(x,y)5A I/ (y). (2.23) 

Here the components of the above electromagnetic polarization tensor K^ u in momentum 
space are obtained as 



^00 


= q 2 ir (^,q), 








= uqjK (u, q) + ie jk q k K x { 


u, 


q), 


K j0 


= uqjK (u, q) - %ej k q k K x { 


U), 


q), 




= uu 2 SijK (u}, q) - ieijuKx 


(u 


, q) + (q% - q i q j )K 2 (uj 1 q), 



(2.24) 



where 



v ( v a 2 n 

#o(w,q) = ~7J7 \ 



2 (a + n 1 ) 3 2 n 



q) = ° + a i^i + aV(q)cl ^y (2 - 25) 

/f2(l ,, q ) = _^!k±Z(?)(^- n ? + <i 2n ^) 



B(w,q) 

In the limit of small u and q, Hi(u, q)'s with / = 0, 1, and 2 are obtained as 

pM pM 



n (o,o) 



27r5 eff 2tt(S-6)' 



2ttM 

with M is the electron mass. K\ in ( 2.25|) leads to 



IIi(0,0) = £, (2.26) 

n 2 (o,o) = 



lim lim ^( W) q) = a , n i ( °/ n 0) nv (2.27) 



Using ( 2.26|) and a = with n = 2m in ( 2.27 ) above, we reproduce the Hall conductivity 



K 1 (0,0) = a xv = v. (2.28) 

which is a fractional multiple of 

As shown in fl2.26| ) above n (0,0) is seen to be different from the result of Lopez and 
Fradkin, that is, n (0, 0) = with b c g defined as a%(x) = — 6 e fr^2 and a 2 = in the 

Landau gauge (or A\{x) = —B c sX2 and A^x) = using their notation for the statistical 
gauge potential A^{= a M ) as shown in eq. (B3) in Ref. 2). Thus unlike the theory of 
Lopez and Fradkin,! the electromagnetic polarization tensor K^ u is described by the effective 
magnetic field B cS seen by the composite fermions but not by the statistical magnetic field 
b. 



III. CONCLUSION 



In the present study we treated the fermion Chern-Simons theory of FQHE in a straight- 
forward manner, by avoiding the gauge field shifts. Further the assumption of the zero 
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average of electromagnetic field fluctuations was not necessary to reproduce various mean 
field solutions: the uniform liquid state, the effective filling fraction, and the effective Landau 
gap. Unlike the theory of Lopez and Fradkin,ii the derived electromagnetic polarization 
tensor is described by the residual (effective) magnetic field rather than the statistical field, 
thus maintaining the self-consistent picture of the composite fermion. The present approach 
also reproduces the Hall conductance of the fractional quantum Hall effect. In all of our 
derivations the self-consistency of the composite fermion picture was maintained: both the 
mean field solutions and the electromagnetic polarization tensor were shown to depend on 
the residual magnetic field seen by the composite fermions. 
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